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Abstract 



In this paper we introduce Baxter integral Q-operators for finite-dimensional Lie 
algebras fll^+i and S02£+i. Whittaker functions corresponding to these algebras are 
eigenfunctions of the Q-operators with the eigenvalues expressed in terms of Gamma- 
functions. The appearance of the Gamma- functions is one of the manifestations of an 
interesting connection between Mellin-Barnes and Givental integral representations of 
Whittaker functions, which are in a sense dual to each other. We define a dual Baxter 
operator and derive a family of mixed Mellin-Barnes-Givental integral representations. 
Givental and Mellin-Barnes integral representations are used to provide a short proof of 
the Friedberg-Bump and Bump conjectures for G = GL{i + 1) proved earlier by Stade. 
We also identify eigenvalues of the Baxter Q-operator acting on Whittaker functions 
with local Archimedean L-factors. The Baxter Q-operator introduced in this paper 
is then described as a particular realization of the explicitly defined universal Baxter 
operator in the spherical Hecke algebra H{G{M.), K), K being a maximal compact sub- 
group of G. Finally we stress an analogy between Q-operators and certain elements of 
the non- Archimedean Hecke algebra H{G{Qp),G{Zp)). 
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1 Introduction 



The notion of the Q-operator was introduced by Baxter as an important tool to solve quan- 
tum integrable systems |Baj . These operators were initially constructed for a particular 
class of quantum integrable systems associated with affine Lie algebras gt^+i and its quan- 
tum/elliptic generalizations. A new class of integral Q-operators corresponding to Ql^_^_i-Toda 
chain was later proposed by Pasquier and Gaudin |PGj . Its generalization to Toda chains 
for other classical affine Lie algebras was proposed recently in [GLUlj . [GLU2j . [GLU3j . 

In this paper we introduce integral Baxter Q-operators for Toda chains corresponding 
to the finite-dimensional classical Lie algebras gt^+i and 502^+1. These integral operators 
are closely related with the recursion operators in the Givental integral representation of 
Whittaker functions (see [Gi], |JK] for gt^+i and |GL03] for other classical Lie algebras). 
It is well known that g- Whittaker functions are common eigenfunctions of the complete set 
of mutually commuting g-Toda chain quantum Hamiltonians. The quantum Hamiltonians 
arise as projections of the generators of the center Z{g) of the universal enveloping algebra 
U{g). One of the characteristic properties of the introduced Baxter integral operators for 
a finite-dimensional classical Lie algebra q is that the corresponding g- Whittaker functions 
are their eigenfunctions. Moreover, integral Q-operators provide a complete set of integral 
equations defining g- Whittaker functions. Similarly to the relation of the Hamiltonians with 
the generators of the center Z, we construct universal Baxter operators in a spherical Hecke 
algebra whose projection gives Baxter operator for Toda chains. Other projections provide 
Baxter operators for other quantum integrable systems (e.g. Sutherland models). 

The eigenvalues of the Baxter operators acting on Whittaker functions are expressed 
in terms of a product of Gamma-functions. The appearance of the Gamma-functions im- 
plies a close connection between Givental and Mellin-Barnes integral representations [KLl] 
for gl^_,_i- Whittaker functions. We discuss this relation in some detail. Note that the rep- 
resentation theory interpretation |GKLj of the Mellin-Barnes integral representation uses 
the Gelfand-Zetlin construction of the maximal commutative subalgebra of U{gl^j^i). One 
can guess a connection between Mellin-Barnes and Givental representations on a general 
ground by noticing that Givental diagrams for classical Lie algebras [GL03] are identical to 
Gelfand-Zetlin patterns |BZ] . Moreover both constructions are most natural for classical Lie 
algebras. In this note we discuss a duality relation between recursive structures of Givental 
and Mellin-Barnes integral representations. We construct a dual version of the Baxter Q- 
operator and derive a set of relations between recursive/Baxter operators and their duals. We 
also propose a family of mixed Mellin-Barnes-Givental integral representations interpolating 
between Mellin-Barnes and Givental integral representations of Whittaker functions. 

We use the Mellin-Barnes integral representation to give simple proofs of Bump-Friedberg 
and Bump conjectures on Archimedean factors arising in the application of the Rankin- 
Selberg method to analytic continuations of GL{i + l) x GL{i + l) and GL{i + l) x GL{i) au- 
tomorphic L-functions. We also discuss a relation with the proofs given by Stade |Stl] , |St2] . 
The proof in [Stlj . |St2j is based on a recursive construction of gt^.,.]^- Whittaker functions 
generalizing the construction due to Vinogradov and Takhtadzhyn |VTj . As it was noticed 
in |GKLO] and is explicitly demonstrated below, the Stade recursion basically coincides 
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with the Givental recursion (see also recent detailed discussion in |St3j ). We also show that 
the Bump-Friedberg and Bump conjectures are simple consequences of the Mellin-Barnes 
integral representation of gl^^^-Whittaker function. 

Rankin- Selberg method is a powerful tool of studying analytic properties of automorphic 
L-functions. The application of the Baxter Q-operators and closely related recursive oper- 
ators to a derivation of analytic properties of L-functions using Rankin- Selberg method is 
not accidental. We remark that the eigenvalues of the Q-operators acting on g-Whittaker 
functions are given by Archimedean local L-factors and the integral Q-operators should be 
naturally considered as elements of the Archimedean Hecke algebra T-C{G{M.), K), K be- 
ing a maximal compact subgroup of G. We construct the corresponding universal Baxter 
operator as an element of the spherical Hecke algebra 'H{G{E.),K). We also describe non- 
Archimedean counterparts of the universal Baxter operators as elements of non- Archimedean 
Hecke algebras H{GL{i+ 1, Qp), GL{i + l, Zp)). The consideration of Archimedean and non- 
Archimedean universal Q-operators on an equal footing provides a uniform description of 
the automorphic forms as their common eigenf unctions (replacing more traditional approach 
based on the algebra of the invariant differential operators as a substitute of 7i(G'(M), K)). 

Let us note that the connection of the Baxter operators with Archimedean L-factors 
implies in particular that there is a hidden parameter in the Q-operator corresponding to 
a choice of a finite-dimensional representation of the Langlands dual Lie algebra. In this 
sense, Q-operators considered in this paper correspond to standard representations of the 
classical Lie algebras. We are going to consider the Q-operators corresponding to more 
general representations in a separate publication. 

One should stress that there are various Hecke algebras relevant to the study of the 
quantum Toda chains. For example for B G G being a Borel subgroup, the Hecke algebra 
Ti-{G, B) of 5-biinvariant functions is closely related to the scattering data of quantum Toda 
chains |STSj . The Hecke algebra Hi^G, N), N being the unipotent radical of B also deserves 
a consideration. Note that the representations of ?i(G, A^) contain certain information about 
the scattering data of the theory and its center is isomorphic to 7i(G, K). 

Finally let us remark that the constructions of affine integral Q-operators and their 
eigenvalues for the action on Whittaker functions |PG] together with the considerations of 
this paper imply an intriguing possibility to interpret the eigenvalues of affine Q-operators 
as a kind of local Archimedean L-factors. It is natural to expect that these L-factors should 
be connected with 2-dimensional local fields in the sense of Parshin |Paj . We are going to 
discuss this fascinating possibility elsewhere. 

The plan of this paper is as follows. In Section 2 we recall Givental integral representation 
for gl^+i and introduce Baxter Q-operator for gl^+i. In Section 3 we consider relation be- 
tween Givental and Mellin-Barnes integral representations of gt^.,.]^- Whittaker functions and 
introduce dual Baxter operator. In Section 4 we use Mellin-Barnes integral representation 
to prove Bump-Friedberg and Bump conjecture and discuss the relation with |Stl] . jSt2] . 
In Section 5 we identify eigenvalues of the Baxter Q-operator with local Archimedean L- 
factors and construct universal Baxter operators as elements of the spherical Hecke algebra 
T-C{G{M.), K). The main result of this paper is given in Theorem 15.11 We also discuss an 
analogy between Q-operators and certain elements of the non- Archimedean Hecke algebra 
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H{GL{£ + 1, Qp), GL{i + 1, Zp)). Finally in Section 6 a generalization to so(2£ + 1) is given. 

Acknowledgments: The research of AG was partly supported by Science Foundation 
Ireland grant and the research of SO was partially supported by RF President Grant MK- 
134.2007.1. 

2 Baxter operator for gl^+i 

2.1 Whittaker functions as matrix elements 

Let us recall two constructions of g-Whittaker functions as matrix elements of infinite- 
dimensional representations of V({q) and a relation of g- Whittaker functions with eigen- 
functions of g-Toda quantum chains. 

Let us first describe the construction based on the Gauss decomposition. According to 
Kostant [Kolj . |Ko2j . g[£_,_]^- Whittaker function can be defined as a certain matrix element 
in a principal series representation of G = GL{£ + 1, M). Let W(g) be a universal enveloping 
algebra of g = gl^+i and V, V be Z^(g)-modules, dual with respect to a non-degenerate 
invariant pairing (. , .) : V x V ^ C, {v',Xv) = —{Xv',v) for all v & V, v' & V and 
X G g. Let B_ = N_AM and 5+ = AMN^ be Langlands decompositions of opposite Borel 
subgroups. Here N± are unipotent radicals of B±, A is the identity component of the vector 
Cartan subgroup and M is the intersection of the centralizer of the vector Cartan subalgebra 
with the maximal compact subgroup K d G. We will assume that the actions of the Borel 
subalgebras b+ = Lie(i?+) on V and b_ = Lie(i?_) on V are integrated to the actions of the 
corresponding subgroups. Let x±: C be the characters of n± defined by x+i^i) '■= ~1 

and X-i.fi) '■= ~1 foi' alH = 1, . . . A vector ipR E V is called a Whittaker vector with 
respect to x+ if 

eiijR = -i^R, {z = l,...,i), (2.1) 

and a vector ipi E V is called a Whittaker vector with respect to X- if 

f^^L = -^L, [t = !,...,£). (2.2) 

One defines a Whittaker model V as a space of functions on G such that f{ng) = xn+ {^)f{9)y 
n G A^+, XN+{n) = x+(logn). W(g)-module admits a Whittaker model with respect to the 
character x if it is equivalent to a sub-representation of V. 

Let Va = Ind^XA be a principal series representation of G induced from the generic 
character xx of B trivial on N G B. It is realized in the space of functions / G G°°{G) 
satisfying equation 

fibg) = xxib)fig), 

where b G B. The action of G is given by the right action iT\{g)f{x) = f{xg^^). We will be 
interested in the infinitesimal form Ind^^^^-^xx of this representation given by 

{Xf){g) = ^J{ge-''')\,^^. 
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Define (g, -B)-module as g-module such that the action of the Borel subalgebra b C is 
integrated to the action of the Borel subgroup B, b = Lie(i?). Consider an irreducible (g, B)- 
submodule of Va given by the Schwartz space S{N_) of functions on N_ exponentially 
decreasing at the infinity with all their derivatives. This (g, i?)-module always admits a 
Whittaker model. Below we will denote by tpi, ^j? the Whittaker vectors in v|°'' and its 
dual. Following Kostant |Kolj . p<o2] ( see also |Et] for a recent discussion) we define a 
0- Whittaker function in terms of the invariant pairing of Whittaker modules as follows 

= e-^^^^H^L,^xie^^)^R), xel), (2.3) 



where ■= ^{tUi, x) hi, Ui is a bases of fundamental weights of g, p = 1/2X1q!>o'^ ^^"^ 

i=l 

TTx{e'^'^) is an action of e^"" in the representation Va- It was shown in |Kol] that g- Whittaker 
function is a common eigenfunction of a complete set of commuting Hamiltonians of g-Toda 
chain. A complete set of commuting Hamiltonians of the g-Toda chain is generated by the 
differential operators Hk € Diff ([)), k = 1, ■ ■ ■ , ^ on the Cartan subalgebra f) defined in terms 
of the generators {c^} of the center Z{q) C W(g) as follows: 

n,ni^) = e-<^'^>(V^i,7rA(e'^^)c,^^). (2.4) 

Let C2 be a quadratic generator of (Casimir element) 

1 ^ 1 

C2 = 2 Crjhrhj + 2 XI + /aCa), (2.5) 

i,j=l 

where i?+ is a set of all positive roots, ||cjj|| = ||(ij(ij(6^^)jj|| and \\bij\\ = \\diaij\\ is a sym- 
metrisation of the Cartan matrix \\aij\\- Let {ej} be an orthogonal bases {€i,ej) = 6ij in f) 
and X = Yll^i XiCi be a decomposition of x G f) in this bases. Then the projection (12. 4p of 
( 12. 5p gives the following quadratic Hamiltonian operator of g-Toda chain (see e.g. [RSTSj ) 



i=l * i=l 

For Q = qIi^i one has 

'i't^'ix) = e-S^S-^''»(V^^ , rr^^^^^-') ^«), (2.7) 

where pj = | + 1 — j, j = !,...,£ + ! are the components of p in the standard basis of M^+^, 
x = (xi, . . . , x^+i) and Eij are the standard generators of U . The linear and quadratic 
Hamiltonians in this case are given by 

<"^ = -E^' (2-8) 

2=1 * 



i+l o2 

^?"^ = -9E7^ + E^""""^- (2-9) 
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Let us introduce a generating function for gl^^^-Toda chain Hamiltonians as 

t9Wi(A) = {-iyx'+^-mf'+'{x,d^), (2.10) 

where uf'^' = \{Hf'+y -nf+\ Then the gl^+i-Whittaker function satisfies the following 
equation 

ts'^+i(A) ^t^\x) = - A,) +^(a;), (2.11) 

where A = (Ai, ■ ■ ■ , A^+i) and x = (xi, . . . , xe+i). 

The appropriately normalized 0[£_,_]^-Whittaker function (12. 3p is a solution of the equations 
(12. lip invariant with respect to the actions of the Weyl group W = Si+i given by s : Aj ^ 
\s{i), s G W. The l^-invariant gl^+i- Whittaker functions provide a bases of l^-invariant 
functions in R^+^ (see e.g. ^TS\, jfe] ). 

Theorem 2.1 For the properly normalized W -invariant qI^_^_i- Whittaker functions the fol- 
lowing orthogonality and completeness relations hold 

li'i-.= ,,^,yI<'»HX) E*"*"(A--(A')), (2.12) 



/ ^f-(x)v[/f-(y);.(^+^)(A)nrfA, = 6^'^'\x-y), (2.13) 



where 



There exists another construction of g[^_,_i-Whittaker functions that uses a pairing of 
the spherical vector (i.e. a vector invariant with respect to the maximal compact subgroup 
K = SO{i + 1, R) of GL{i + 1, R)) and a Whittaker vector (see e.g. [J], [Hij). Consider the 
following function 

^f'^\g) = e~P^^\^K,n,{g)iJn), (2.15) 
where p{g) is given by p{kan) = (p, loga), (px is a spherical vector in Va 

Mbgk) = Xx{b)<l>K{9), keK,beB+. (2.16) 

The function \E'^''^+^ [g) defined by (I2.15P satisfies the functional equation 

^t'^^kgn) = XN^n) ^f^^g), k e K, n e N., (2.17) 
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where XN^{n) = exp(2 ^^^-^ nj+ij). Thus (12.151) descends to a function on the space A of 
the diagonal matrices a = diag(e^^, . . . , 6^*+^) entering the Iwasawa decomposition KAN^ 
GL{i + 1,M). We fix a normahzation of the matrix element so that the function (12.151) is 
M/^- invariant. The resulting function on A is related to the g[£_,_]^-Whittaker function (12.31) by 
a simple redefinition of the variables. 

Lemma 2.1 The following relation between '^f'^^^{x) and \E'^'*^^(x) holds 

^f'^'{x) = ^f-''{x), (2.18) 

where x = (xi, . . . , i^+i), A = (Ai, . . . , A^+i) are expressed through x = (xi, . . . , xi+i), A = 
(Ai, . . . , A^+i) as follows 

2.2 Recursive and Baxter operators 

The following integral representation for g[^^^-Whittaker function was introduced by Given- 
tal [Gi] (see also [JKj ) . 



Theorem 2.2 qI^^i- Whittaker functions admit an integral representation 

<rX.(^i,---,^m) = tltldx,. e^''-^(^), (2.19) 



where 



k=l 4=1 



e+1 k k-1 



(a;) = , ^ Afc ( ^ Xk^i - ^k^i,) - (2-20) 



k=l i=l i=l 

I k 



fc=l i=l 

and Xi := Xi+i^i, i = l,...,i + l. 

The interpretation of the Givental integral formula as a matrix element (I2.7P was first 
obtained in |GKLOj . where it was also noted that the integral representation (12.191) of gt^+i- 
Whittaker function has a recursive structure over the rank i of the Lie algebra flt^+i. 

Corollary 2.1 The following integral operators Q^gt^'^^ provide a recursive construction of 
gi^^i- Whittaker functions: 

<tU,,(i^+i)= / tldxe,^Qll-'\xe^^,3k\^i-,l)^t..^M)^ (2-21) 



= exp 



Q;;rfe+i,^iAm)= (2.22) 

{^+1 £ £ 

i=i i=i i=i 

where x^. — (xfe,!, . . . , x^^jk) anc? we assume that Q^^^{xi-i\Xi) — e^^'^^'^'^. 

Definition 2.1 Baxter operator Q^'^+i(A) for gl^+i ^s an integral operator with the kernel 

t+i t 

(x, y| A) = exp I iX ^(x^ - Vi) (f''"' + e^^-^'+i) - e^^+^-^^+i }, (2.23) 

1=1 fe=i 

where we assume Xi :— and i/i :— ye+i^i- 

Note that the Baxter operator defined above is non-trivial even for qI^. 

Theorem 2.3 Baxter operator Q^'^+i(A) satisfies the following identities 

Qok+i (A) . Qsh+i (A') = (A') • Qs'^+i (A) , (2.24) 

Q«'^-^(7)Q;;r (A) = - ^A) g;;^ ^(a)q«'^(7), (2.25) 

Qflim(A) . T0'^+i(A') = TS'^+i(A') ■ Q0'^+i(A), (2.26) 

Q0'*+i(A - «) = r0'^+i(A) QS(.+i(A), (2.27) 



where 



T^'^+^{x,y\X)=t''^+^{x,d,\X)S'+\x-y), (2.28) 



i«'^+^(^,9^|A) = ^(-l)^A^+^-^-7if +^(x,9^). (2.29) 



Proof The commutativity of Q-operators 



/ Qs'*+i(|/,x|A) Q0'^+i(x,^|A') TTcixj- = (2.30) 
/ Q^'^+Ky,^|AO Q«'^+H^,^|A) rfdx,-, (2.31) 
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is proved using the following change of variables Xi 



Xi 



xi I — > -xi + zi + \ia (e^^ + e"^' j , 
-Xi - In (^e-y^-^ + e-'^ + In (^e^' + e^'+^j , 1 < i < 
^ -xe+i + Vi+i - In (^e-y^ + e-"^+i 



xe+i I — 

The proof of fl2.25p is similar to the proof of the commutativity (12.241) . The commutation 
relations fl2.27p and the difference equation fl2.27p then easily follow from (12.250 and (I2.12p . 
([213]) □ 

Corollary 2.2 The following relation holds 

„ £+1 e+1 

/ l\dx, Q'''^^{y,x\^)^t^'{x) = r[r(z7-^A.) ^t^'iy), (2.32) 
7=1 ~ ~ 7=1 ~ ~ 

where x = (xi, . . .,xe+i), y = {yi, . . .,ye+i) and X = (Ai, . . . , A^+i). 

Finally let us provide an expression for the kernel of the Baxter Q-operator in the 
parametrization naturally arising in the construction of 0[^_,_i-Whittaker functions using Iwa- 
sawa decomposition (see (I2.15P and Lemma [2.10 . Let Q^^<'+^{x,y\X) be defined by 

i+i e 

Q8'^+i(i,y|A) = 2^+^ exp -y^)-Yl (e^^^''"^'^ + e^^^^-^^+i)) - e2(*^+i-5^+i)|. 

i=l k=l 

Proposition 2.1 The following relation holds 

/ n 2^'^"^^' ii7)^f"^(i) = nr(^v^) ^f"^y) (2-33) 

Jm^+i tl ~ - 7=1 ^ - - 

3 Givental versus Mellin- Barnes integral representa- 
tions 

An important property of the Givental integral representation is its recursive structure with 
respect to the rank of the Lie algebra. There is another integral representation [KLl] for 
flt^+i-Whittaker functions generalizing Mellin-Barnes integral representation for low ranks. 
This representation also has a recursive structure. Its interpretation in terms of represen- 
tation theory uses the Gelfand-Zetlin construction of a maximal commutative subalgebra 
in h({gli_^^i) |GKL] . In this section we compare recursive structures of Givental and Mellin- 
Barnes representations and demonstrate that these two integral representations should be 
considered as dual to each other. We propose the construction of the dual Baxter operator 
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based on Mellin-Barnes integral representations. We also construct a family of new integral 
representations interpolating between Givental and Mellin-Barnes representations. Finally 
we introduce a symmetric recursive construction of gl^+i-Wliittaker functions such that the 
corresponding recursive operator is expressed through the Baxter and dual Baxter opera- 
tors. The Givental and Mellin-Barnes integral representations are then obtained from the 
symmetric integral representations by simple manipulations. 

Let us first recall the Mellin-Barnes integral representation of g[^_,_]^-Whittaker functions. 



Theorem 3.1 The following integral representation of gl^^i- Whittaker function holds 



n n+1 



t n n r(27nfc - «7n+l,m) ,.w ^ 

vl/^'^+Vx)= / TT e -1.5/^- TTrf7 • (3.1 



f+l t+l 



, n=l 



where A = (Ai, . . . , A^+i) := (7^+1,1, . . . ,7f+i/+i), x = (xi, . . . and the domain of inte- 

grations is defined by the conditions max j{lm'yisj} < mmm{lm.'jk^im} for all k = !,...,£. 
Recall that we assume •ynj = for j > n. 



Corollary 3.1 The following recursive relation holds: 

r ^ 

v[/^;;-(xi,...,x,+i)= / ^Sr(7,+i'7,km) vl/0'^(xi,...,x,)/iW(7,) n^7.,,, (3.2) 

i 

where 

k=l m=l 

the measure is defined by ![2.14\ l and 7^ = (7^,1, • • • , 7fc,fc)- We imply \E'^'^i(xi) = 

g-«7i,ixi^ r/ie domain of integration Se is defined by the conditions maxj{Im7£j} < 
min^{Im7£+i_„}. 



We call the integral operator Corollary 13. II the Mellin-Barnes recursive operator. 

Let us stress that the recursive structure of the Mellin-Barnes integral representation of 
fll^+i-Whittaker functions is dual to that of the Givental integral representation. Indeed, 

Givental recursive operator <5g[^^^ depends on an additional "spectral" variable A^+i and 
acts in the space of functions of the "coordinate" variables x, while the dual Mellin-Barnes 
recursive operator Qg[^^^ depends on additional "coordinate" variable xe+i and acts in the 
space of functions of the "spectral" variables 7. Using the orthogonal and completeness 
relations (12.121) . (12.131) one can show that these two operators are related by a conjugation 
by the integral operator with the kernel '^^^"{x^). 
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Proposition 3.1 The following integral representation for the kernel of the recursive oper- 
ator Q^gi^^^ holds 

^S;"(2.+i'i.i^^+i/+i) = / ri^^^+i,. = 

j=i 

j=i j=k 

where = {xk,i, . . .,Xk,k), x^k = i^k,i, ■ ■ .,Xk,k-i)- 

In view of the above duality for the recursive operators it is natural to introduce an 
operator dual to the Baxter Q-operator. 

Definition 3.1 The dual Baxter operator is an integral operator with the kernel 

e+i e+i 



i=i j=i 

acting on the space of functions of 'j = (71, . . . ,7^+1) as 

Qs'^+i(z)-F(7)= / Q0'^+i(7,7|z) F(7)/i(^+i)(7) J]rf7,. (3.6) 

Proposition 3.2 The qI^^i- Whittaker function satisfies the following relation 

. vl.J-(x,^J = e-'^-^'-^"^'v^5-(x,^,). (3.7) 

Proof. We should prove that 



n r(«7£+ij - «A^+i,i) 

/ e-^S(^-M-E.....) ^:^zL^ r<"(^+i) 11^1^-,^,= (3.8) 

= (2vr)^-^^(^ + l)!e-'^----"v,J-(,,_^J. 
Due to the orthogonality condition (I2.12p this is equivalent to the following: 

I ^-e<-.M..-.^^... (ai,,,)<- (a,,,) n dxe,.. = (3-9) 



-1 



e+i e+i 



i=i j=i 



11 



Using the recursive relation (13.21) one can rewrite this as 



/e+i I I 



(3.10) 



^ (2;)2'(£!)2 n r(zA,, - zA,.)r(z7.,. - m.) - ^3.11) 

= e— SS(A.+i.-7.+i.) -Q JJ r(z7,+i,, - zA,+i,), 

where a^_^^ = (a;^+i,i, . . . ,X£+i^^). Using the orthogonahty condition (I2.12p with respect to 
the and integrating over 7^ we see that (13.71) is equivalent to the following 



00 



(27r 

—00 

?+l £ 

n n r(zA£,A: - «A^+i,i)r(z7^+i,i - zA^,fc) £+1 f+1 

, nr(>V,->A„) = nnr(>7,«. - .A,«,.). 

Where the contour of integration iS^ in above formulas is deformed so as to separate the 
sequences of poles going up {'Je+ij + ik,j = 1, . . . ,i + l,k = 0, . . . , 00} from the sequences 
of poles going down {A^+ij — ik,j = 1, ...,£+ l,k = 0, . . . , 00} . We assume also that 
7^+1 J- 7^ \i+i^k for any j, k. The last identity is a simple consequence of the following integral 
formula due to Gustafson (see |Guj . Theorem 5.1, page 81): 

e+i I e+ie+i 

n n r(«A^,fc - iXe+i,i)T{i-fi+i^i - i\k) n n ^i^ie+ij - iXi+^i) 

i=l j=l 



{2nYJl\ nr(.A,,-.A,.) " r^V 



e+1 

r( Yl ^7^+i,i - «A^+i,i 
j=i i=i 



□ 



Proposition 3.3 The following symmetric recursive relation for Qi^^^-Whittaker functions 
holds 

"^tlTM+i) = e-^^^+i'^+i^^+i'^+i Q0'Hx,+i,,+i) ■ Q^{^e+i,e+iW\ (3.13) 
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where x'f^_^'^ = (x^+i^i, . . . , x^+i^^), = (7^+1^1, 7^+1^^) and the action of the complex 

conjugated Baxter operator Qs'f and its dual Q'^^' is given by 

■ Q^(7,+i,,+i)vI/0'^) = (3.14) 



^ ^ 1 ^ 1 



Proof. Let us start with the Melhn-Barnes recursive relation 



/£ £+1 £ 

l[dje,, /iW(7,) nn r(z7.,,-^7.+i,)e-^^^+^'^+^(SS^^+^'-^-^^^')vl>J(x;^^^ 

7 = 1 i=l 7 = 1 



Using the properties of the Baxter operator we have 



<;;fe+i) =e-^^^+^^^+^^^+^.*+^ / Hdx,, Q^^^{x:£+i,x,\je+i,£+i)x 



X 



„ £ £ I 

( / \{dl£,j /x^'Ht,) nn -^7£+i,i)e-*"^+^'^+^^^^-^''^+^''-^^-^^^''^^Jfe)) = 

J j=l i=lj=l ~^ 

= e-*^^+i.^+i-^+i>^+i Qs'^(x,+i,,+i) ■ Q^(7^+i,^+i)^«'^ 

Note that one can equally start with a Givental recursive relation and use the eigenvalue 
property (13. 7p of the dual Baxter operator. □ 

The Givental and Mellin-Barnes recursions are easily obtained from the symmetric recur- 
sion (I3.13p . This provides a direct and inverse transformation of the Givental representation 
into the Mellin-Barnes one. Moreover, this leads to a family of the intermediate Givental- 
Mellin-Barnes representations. Indeed, to obtain \&^'^^^^(a^+i) from '^^^^{x_^ one can either use 

the integral operator Qgl^+'(^+i, x^|7^+i,^+i) or the integral operator Qg|^+'(7^_^^,7^|x£+i,^+i). 
This leads to the following family of mixed Mellin-Barnes-Givental integral representations 
of gl£_,_i-Whittaker function 

^0[,+i = g(ei) .g(e2)...g(ef) ^0[i^ e = L,i?, (3.15) 

where Q'-'^-' is the integral operator with the integral kernel Qgt^^'^S Q'^^^ is the integral 

operator with the integral kernel Qgl*^^ and the integral operators act on 7- or x-variables 
depending on e^. Various choices of {ej} in (13.151) provide various integral representations of 
0l^£+i-Whittaker function. 
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4 Archimedean factors in Rankin-Selberg method 



In this section we apply the dual recursion operator and Baxter operators discussed in the 
previous section to simplify calculations of the correction factors arising in the Rankin- 
Selberg method applied to GL(£ + 1) x GL{E + 1) and GL{1 + 1) x GL(£). Note that these 
calculations are an important step in the proof of the functional equations for the correspond- 
ing automorphic L-functions using the Rankin-Selberg approach. Explicit expressions for 
these correction factors in terms of Gamma-functions were conjectured by Friedberg-Bump 
and Bump and proved later by Stade [Stlj . |St2j . The proofs in [Stlj, |St2] are based on 
a recursive generalization of the integral representation of gt^^^-Whittaker functions, C. = 2 
first derived by Vinogradov and Takhtadzhyn [VTJ . The recursion in jStl] . jSt2] changes the 
rank by two £ — + It was noted in |GKLOj that this recursion is basically the 

Givental recursion applied twice. 

In this section we will demonstrate that using the recursive properties of the Mellin- 
Barnes representation and the dual Baxter operator one can give a one-line proof of Friedberg- 
Bump and Bump conjectures. We start with a brief description of the relevant facts about 
automorphic L-functions, Rankin-Selberg method and Bump-Freidberg and Bump conjec- 
tures. For more details see e.g. [Buj . |Goj . 

Let A be the adele ring of Q and G be a reductive Lie group. An automorphic rep- 
resentation TT of G(A) can be characterized by an automorphic form (p^^ such that it is an 
eigenfunction of any element of the global Hecke algebra T-C{G{A)). The global Hecke algebra 
can be represented as a product H{G{A)) = {^pHp) ® Hoo of the local non- Archimedean 
Hecke algebras Tip = 7i(G(Qp), G{'Lp)) for each prime p and an Archimedean Hecke algebra 
'Hoo = T-C{G(R), K) where is a maximal compact subgroup in G(M). Local Hecke algebra 
Tip is isomorphic to a representation ring of a simply connected complex Lie group ^Gq, 
Langlands dual to G (e.g. A^, B^, Cf, are dual to A^, Ce, Be, Dg respectively). For each 
unramified representation of G(Qp) one can define an action of Tip such that an automorphic 
form is a common eigenfunction of all elements of Tip for all primes p and thus defines 
a set of homomorphisms Tip C. Identifying local Hecke algebras with the representation 
ring of ^Gq one can describe this set of homomorphisms as a set of conjugacy classes Qp in 

^Gq. 

Given a finite-dimensional representation py : ^Gq —>■ GL{V, C) one can construct an 
L-function corresponding to an automorphic form in the form of the Euler product as 
follows 

L{s,(j),pv) = Y]^ Lp{s,(j),pv) = n' detil - pv{9p)p-T\ (4-1) 
p p 

where Y[[, is a product over primes p such that the corresponding representation of G(Qp) is 
not ramified. It is natural to complete the product by including local L-factors corresponding 
to Archimedean and ramified places. L-factors for ramified representations can be taken 
trivial. For the Archimedean place the Hecke eigenfunction property is usually replaced 
by the eigenfunction property with respect to the ring of invariant differential operators 
on G(M). The corresponding eigenvalues are described by a conjugacy class too in the Lie 
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algebra ^Qq = Lie(^G'o)- The Archimedean L-factor is given by 

i.o(..^.M = n(--^r(l^)) =det(.--^r(i^i^)). (4.2) 

i=i 

where pv{too) = diag(Q;i, . . . a^+i). The complete L-function 

A(s, 0, P) = L{s, 0, p)Loo(s, 0, p), (4.3) 
should satisfy the functional equation of the form 

A(l - s, 0, p) = e(s, 0, p)A(s, 0,rv, p"^), 

where e-factor is of the exponential form e{s,(f),p) = AB^ and vr^, p^ are dual to vr, p. 

In Rankin- Selberg method one considers automorphic L-functions associated with auto- 
morphic representations of the products G x G of reductive groups. Let pv '■ ^Gq End{V), 
Py : ^Gq — > End(V^) be finite-dimensional representations of dual groups and let Qp G "^Gq, 
(jp G ^Gq be representatives of the conjugacy classes corresponding to automorphic forms 
and 0. One defines L-function L(s, vr x vr, p x p) as follows 

L(s,0 X 0,p X p) = TT' dei{l- pv{gp)®Pv{9p)p~")~^- (4.4) 

v^v 

V 

L-function (14. 4p up to a correction factor can be naturally written as an integral of the 
product of automorphic forms and with a simple kernel function. Given an explicit 
expression for the correction factor, this integral representation can be an important tool for 
studying analytic properties of L(s, x 0) as a function of s. 

In the following we consider Rankin- Selberg method in case of G x G being either 
GL(£ + 1) X GLiJl + 1) or GL(£ + 1) x GL{£) with p and p being standard representations. 
We start with the case of GL{i + 1) x GL{i + 1). Consider the following zeta-integral 



Z{s, 0x0)=/ (j){g)(f){g)£ig, s) dg, (4.5) 

' GL{e+l,Q)zf'^'^'\GL{e+l,A) 



where the Eisenstein series is 



S{g,s) = aii+l)s) Yl f^^^a). (4.6) 

7GP{^+1,^,Z)\GL{£+1,Z) 



Here zf-^^^ is the center of GL(£+ 1, A), Q{s) = 

_-, n ^ is the Riemann zeta-function and 

p T iGL(f+l,A) 

js G map(^_^-^^^^^-j Op, 

where 6p denotes the modular function of the parabolic subgroup P{i+1, £, A) of GL{i+l, A) 
with the Levi factor GL(£,A) x GL(1,A). 

Using the Rankin-Selberg unfolding technique (14. 5 p can be represented in the form 

Z{s, 0X0)= L{s, X 0)\1/(S, 0X0), 

where the correction factor \l/(s, x 0) is a convolution of two g[^^_^-Whittaker functions. 
The Bump-Freidberg conjecture proved in |Stl] claims that \I^(s, x 0) is equal to the 
Archimedean local L-factor. 
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Theorem 4.1 (Bump-Preidberg-Stade) 

i+l £+1 

^s, X 0) = Loo(., X 0) = n n ^""^^r ( '~"^~"^ ) , (4.7) 

j=l k=l 

where pvitoo) = diag(ai, . . . a^+i) and pvitoo) = diag(a;i, . . . a^+i) correspond to the auto- 
morphic representations and as in ^4.2^ . 

The proof of Theorem can be reduced to the following identity proved by Stade (we 
rewrite Theorem 1.1, |St2] in our notations). 



i+i t+i 
k=l j=l 



Proof. The proof readily follows from the proof of Proposition 3.2. □. 

Next we consider the Rankin-Selberg method for GL{i + 1) x GL{i), p and p being 
standard representations of GL{£+1) and GL{i). In this case one has to study the following 
integral 

Z{s,<f>x4>)= [ <p{(\))4>{g)\det{g)r'/'dg, (4.9) 

J GL{l,Z)ZX'\GL{l,k) \ -"-/ 

where Z^^"* is the center of GL(i,A). Using the Rankin-Selberg unfolding technique, the 
integral 04.91) can be represented in the form 

Z{s, 0X0)= L{s, X 0)\1'(S, 0X0), 

where the correction factor \l/(s, x 0) is a convolution of gt^+i- and gt^-Whittaker functions. 
The Bump conjecture proved in |Stl] claims that ^l/(s,0 x 0) is equal to the Archimedean 
local L-factor. 

Theorem 4.2 (Bump-Stade) 

£+1 ^ _ _ 

X 0) = Loo(3, X 0) = n n vr-^^^r (^^^^) , (4.10) 

j=i k=i 

where Pvitoo) = diag(ai, . . . a^+i) and pv(too) = diag(Q;i, . . . ai) correspond to the automor- 
phic representations and as in ( [^.ij| ). 

The proof of the theorem is equivalent to the proof of the following integral identity ( we 
rewrite the Theorem 3.4, |St2] using our notations). 



Lemma 4.1 The following integral relation holds 



where t = {t,...,t)E 
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Lemma 4.2 



/ n dx,^,, = (4.11) 



= 5 + l)t + z ^ A^+i,j - « ^ 7^,fc j n n + - ^7£,fe) 

i=\ k=l i=l k=l 

where t = diag(t, . . . , t) G K.^^'^, x'^_^_i = (x^+i^i, . . . , Xg^i^g) and 6{x) is the Dirac 6-function. 

Proof. To verify this statement we substitute into the Lh.s. of (14.111) the following recursive 
relation 

Then applying orthogonality relation from Theorem 2.1 and integrating over x^+i^^+i we 
obtain the r.h.s. (14.111) □ 

Let us stress that one should not expect to have expressions for ^['(s, x (p) as products 
of Gamma-functions for more general cases GL{i + n) x GL{i), n > 1. From the point 
of view of Mellin-Barnes recursive construction, \E'(s,0 x 0) are the kernels of recursive 
operators corresponding to the change of rank i ^ £ + n and thus are given by compositions 
of elementary recursive operators. This leads to general expressions for \E'(s, x 0) in terms 
of the integrals of the products of Gamma-functions. Let us remark that in this paper we 
consider Rankin-Selberg method as a method for studying properties of matrix elements of 
the natural (recursive) operators acting in the space of automorphic forms. One can expect 
that this point of view might be useful in the investigation of other properties of automorphic 
L-functions. 

Let us comment on Stade proof of Theorems 14. H I4.2[ The proof in |Stl] , |St2] is based 
on the recursive relation connecting fll^+i- and gl^.^^-Whittaker functions. Below we derive 
this recursion from the following form of the Givental recursion. 

Proposition 4.1 The following recursive relations for Qi^^i-Whittaker functions holds: 

<Zm,m^+i) = y^,_,n^^^-i.^ QS:!:(^^+i'^-ii^^+i'^^)^Ab,A,_,(^-i), (4.12) 



<5g[^t;|(^£+i,^-i|A£+i, A^) 



„ i £+1 
J ■ 1 ■ 1 



-1 

j=l i=l 



k=l 





e 




^^^^^i+l,k-^e,k _j_ ^^e,k-^i+l,k+l^ _j_ 


k=l 


k=l 












k=l 
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Proof. The recursive relation fl4.12p is the Givental recursive relation (12.211) applied twice □ 



Theorem 4.3 (Stade) The following recursion relation for gi^^i-Whittaker functions holds 

„ e-i 

/ TTdx^-ij Ke+ij_i{x^^^, A^+i, A^) ^5;.!a,_2(^-i), (4-14) 
where ;^_ilA) ^■^ given by the following explicit formula. 

Ki+ij_i{xe+i, xe^i l A) = 2^"^ exp | ^— ^^-^ ^ a;^+i,i - J]] a^^-ij) } x (4.15) 



i=i j=i 

e 

X 

i=l 



ifere we ttse the following integral representation for the Macdonald function 

Jo * 

Proof. At first we substitute into the expression for KiJ^ij^i the integral representation 
with integration variables ti for Macdonald functions Ki(^Xi-\e+i)- Then we make the following 
change of variables t^. 



= \l ("-IS) 



^ g^-^,fe Zl tf = e'''-U - 

for k = !,...,£ and j = 1,...,£— 1. Thus we obtain the following identity between the 
kernels 

x^-il A) = Qgl^+'^fe+i, A) (4.17) 

This reduces Stade recursion to the Givental recursive procedure □ 

The appearance of the Gamma-functions both in the Mellin-Barnes integral represen- 
tation of the g[^_,_5^-Whittaker functions and in the expressions for the Archimedean L- 
factors is not accidental. In the next section we explain this connection by relating the 
constructed Baxter operator with a universal Baxter operator considered as an element of 
the Archimedean Hecke algebras Ti.{G{M.), K) where if is a maximal compact subgroup of 
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5 Universal Baxter operator 



5.1 Universal Baxter operator in 7{{G{M.), K) 

In this section we will argue the Baxter Q-operator for the g[^_,_i-Toda chain can (and should) 
be considered as a realization of the universal Baxter operator considered as elements of 
the spherical Hecke algebra H{GL{i + 1,M),K), K being a maximal compact subgroup of 
GL{i-\-l, R). We also consider non- Archimedean analogs of the universal Baxter operator as 
an element of a local Hecke algebra T-C{GL{i+l, Qp), GL{i+l, Zp)). Both in Archimedean and 
non- Archimedean cases the eigenvalues of the Baxter Q-operators acting on 0[£_^j^-Whittaker 
functions are given by the corresponding local L-factors. 

Let us start with the definition of the spherical Hecke algebra ?ioo = 7i(G(M), K), where 
i^' is a maximal compact subgroup of G'(M). Algebra Tioo is defined as an algebra of K- 
biinvariant functions on G, (f){g) = (j){kigk2), ki,k2 & K acting by a convolution 

JG 

To ensure the convergence of the integrals one usually imposes the condition of compact sup- 
port on fC-biinvariant functions. We will consider slightly more general class of exponentially 
decaying functionsE]. 

By the multiplicity one theorem |Shaj . there is a unique smooth spherical vector {k\ in 
a principal series irreducible representation = Ind^_ x-y- The action of a i^'-biinvariant 
function on the spherical vector {k\ in is given by the multiplication by a character A^ 
of the Hecke algebra: 

0* ^ / dg<P{g-') {k\7:,{g) = A^H (5.2) 
Jg 

In particular, the elements (p of the Hecke algebra should act by convolution on the Whittaker 
function as follows 

* $f +^((7) = A^(7)<f?+^(^7), e n^. (5.3) 
Here the Whittaker function is considered as a function on G such that 

^f^'{kan) = XNAn)^}^\a), (5.4) 

where kan G KAN^ — > G is the Iwasawa decomposition. 

In the previous section we construct the Baxter integral operator acting on the gt^+i- 
Whittaker function (considered as a function on the subspace A of the diagonal matrices) as 

QS'^+KA) ■ ^f'-'ix) = fi vr-^ r(^^^) <^-(a;), (5.5) 

This should be compared with the use of exponentiaUy decreasing functions instead of functions with 
compact support in the Mathai-QuiUen construction of the representative of the Thom class. 
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where the kernel of the operator Q^'^+i(A) is given by 

e+i e 



Tce 



i=l k=l 



Note that here we use a parametrization of Baxter operator naturally arising in the descrip- 
tion of Whittaker functions in terms of Iwasawa decomposition. In this section we will use 
only this type of the parametrization and drop the tildes in the corresponding notations (see 
12.151 and Lemma [2?T|) . We also take couphng constants in Toda chain ^fj = vr to agree with 
the standard normalizations in Representation theory. 

Let us recall that we introduce gl^^^-Whittaker function matrix element 

multiplied by the factor exp(— (p, x)) (see (12. 7p . (I2.15P ). In the construction of the universal 
Baxter operator it is more natural to consider a modified Whittaker functions equal 
to the matrix elements itself 

$0'*+i(x) = e<'''">^f+^(x). (5.6) 
Define a modified Baxter Q-operator: 



It has the kernel 



Qo'^'ix,y\\) = 2^+^exp { J^i^X + p,)(x, - y,)- 



k=l 

where p e R^"*"-^ , with = | + 1 — j, j = 1, ...,£ + 1, and it acts on the modified Whittaker 
functions as follows 

q;''«(a) ■ = n --"^ r( ''-'^^ + ft ) <<«(.). (5.7) 

We would like to find an element 0Qo(a) in "^oo such that the following relation holds 

lA — 27. 



J = l 

and the restriction of 0Qo(a) to the subspace of functions satisfying (15.41) coincides with the 
operator Qq''^^^(A). We shall call such 0Qo(a) a universal Baxter operator. 

Theorem 5.1 Let (t>Qo{\){g) be a K-hiinvariant function on G = GL{i + given by 

<l>Q,w{9) = 2'^'\detg\^'^h-^^^'^. (5.9) 
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i) Then, the action of <Pqq{X) on the functions satisfying ( [5.^p descends to the action of 
Qt'^\X) defined by ( fOp ; 

a) The action of (pQ^i^X) on modified Whittaker function $^'^"'"^((7) by a convolution is given 
by 

(0Q„(A) * ^'t'){g) = ^oo(A) $f ^^^7), (5.10) 
where Loq{X) is the local Archimedean L-f actor 



Proof. 

i). The action of the i^'-biinvariant function on g[^^_^-Whittaker functions is given by 

(</.*$f+0(^?)= / dg<p{gr')<^}^\~9)= [ dg<p{gr'){k\rr,{~g)\^Pn). (5.12) 



G Jg 



Fix the Iwasawa decomposition g = kdh, k & K, d & A, h ^ of a generic element g E G 
and let 5b_{P) = detn_ Ad^. We shall use the notation d^a = da ■ det(a)^^ for a E A. We 
have for a & A 



<-^)(a)= / 

J A 



d^'adndB.ia) (j){an ^) XN^{n) ^f'+^a) 

AN. 



I d'^d K^{a, d)^f+\d) (5.13) 

J A 



with 



K^[a,a) = I dn 5B_ia) (f){an ^)xN-{'n'), 

I 

Xn- (n) = exp I 2m ^ hi+i^i | . 

1=1 

Thus to prove the first statement of the Theorem we should prove the following 

Qt'''ix,y\X) = rfn 5B_(a)0Qo(A)(an~^a-^|A)x7v_(^), (5.14) 
Jn- 



where 

a = diag (e^^^ , . . . , e^^^+i ) , d = diag(e^i , . . . 6^'+^ ) , 



(5.15) 
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For g = an ^ we have 



det g = e^-i(^»-^»), Tr g'g = e^^^'"^'^ + J2 (5-16) 

1=1 i>j 

where u = n"^ G A^_. Taking into account that XN-{n) = Xn-{u^^) = exp(— 27rz ^^^^^ -Uj+i j) 
we obtain 

Qt^'ix,y\X) = 2^+^ [ rfw e^»>^(^» -2^^)6-2"* • (5.17) 

e+i p e+i 
exp {Y.{^X+'-){x.-y.)-nJ2 e'^""^^^ " vr J] ^e^^-"^^) } = 

i=l 1=1 i>j 

2^+1 exp |«A^(xi -t/i) - 7r^e2(^'-^»)} e^^^^^'-*'^) • (5.18) 

i=l i=l 

/ TTrfMi+i,, exp I - 27r2 V - vr V M^+i^.e^^^'+i^?'') | • 

J]^ /(iujj exp I 



Computing the integrals by using the formula 

y dx = J- (5.19) 

we readily obtain that 

Qo''^Ha;,y|A)= 2^+^exp{^(zA + p.)(x.-y.)- (5.20) 

1=1 



-IT 

i=l 



where = | + 1 — j, j = 1, ...,£+ 1. This completes the proof of the first statement of 
the Theorem. 

ii). The proof of (15.101) follows from the results of Section 2 □ 

It is instructive to provide a direct proof of (15.101) . To do so let us first recall standard 
facts in theory of spherical functions (see [HC] for details). 

There is a general integral expression for the i^'-biinvariant function in terms of eigenval- 
ues A<^(7) (15. 3p . Consider the action on the spherical functions 

^^ig) = {k\n^ig)\k), (5.21) 
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normalized by the condition ip-yie) = 1. The exphcit integral representation for f^yig) is 

ip^{g)= I dk e'^^^3^^^^\ (5.22) 



K 



where jp.dk = 1 and h{g) = log a where g = kan G KAN^ ^ G is the Iwasawa decomposi- 
tion. Then we have 

(t)*^^{g) = K^{-i)^^{g), (5.23) 

A^(7)=0*</.^(e). (5.24) 
Thus the eigenvalues can be written in terms of the spherical transform as follows 

A</.(7) = I dg<P{g-^)ip,{g) = 2'^'+'^ [ d'<a(P{a-')y,^{a), (5.25) 



G 



where we have used the Cartan decomposition G = KA'^{M \ K) to represent the first 
integral as an integral over diagonal matrices. Here we define = expa"*", where a"*" 
consists of the diagonal matrices of the form diag{e^^, . . . , e^^+i), Xi < X2 < ■ ■ ■ < X£+i and 
M is the normalizer of a in K. Notice that 2^'^'^ = \M\. 

Proposition 5.1 The following integral relation holds 

A<^^^(,,(7) = 2-(^+i) / d^a 0So(A)(a~') V,{a) = (5.26) 

J A+ 

where = | + 1 - j, j = 1, ...,£+ 1. 

Proof: Using the integral representation fl5.25p . the l.h.s. of (I5.26P is given by 

/ dkd^'a |detar*^-^e-"^'^("*")"'e*<'^("'^)'^>. (5.27) 

JkxA+ 

Using Cartan and Iwasawa decompositions we have 

[ dkd^'a \ detar*^-5e-"^("*'^)"' e^<^("'=)'^> = 

JkxA+ 



dk' d''adk\detk'ak\-'^-^e-^^'^^^'''^^'^^''^'^^ e'<Hk'ak)a> ^ ^^2^ 

KxA+xK 



2^+1 / dk'd^adk I detfc'aA;|-^^-ie-"^«'=''^'=)'('='^'='» e'<Kk'ak)a> ^^ ^g) 

J KxA+xM\K 
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= 2^+1 / dg I det (7|-'^-ie-'^T'^(3*3)"' e*<M9),7> = 
Jg 

2^+1 [ d^aciA;(5B_ (a) I det ar*^-ie-"^ e*<i°s('^)'^> 



2^+1 / dnd^a5B_(a)|deta|-*^-5e-Tt("'«'")''e*<i°sW'^> 



Where the formula 

' 30 1 7/ 

rfxe'^'e""""'' = -a§r( — ) 
2^2^ 

was used. 

□ 

The integral operator constructed above can be considered as a universal Baxter operator 
on matrix elements between the spherical vector and any other vector in the representation 
space. In particular it easy to describe explicitly an action of the Baxter operators on 
the space of zonal spherical functions. In this case on obtains the Baxter operator for the 
Sutherland model at a particular value of the couphng constant. 



5.2 Non- Archimedean analog of Baxter operator 

Let us construct a non-Archimedean analog of the universal Baxter Q-operator introduced 
above. In the non-Archimedean case the local Hecke algebra Tip = T-C{GL{i + l,Qp),Kp), 
Kp = GL{i + l,Zp) is defined as an algebra of the compactly supported fCp-biinvariant 
functions on GL{i + 1, Qp). Note that Kp is a maximal compact subgroup of GL{i + 1, Qp). 
Consider a set {t};"^}, z = 1, ...,(£+ 1) of generators of n{GL{i + 1, Qp), Kp) given by the 
characteristic functions of the following subsets 

Oi = Kp- diag(p^_^, 1 ■ ■ ■ , 1) ■ i^p C GL{i + 1, Qp). (5.30) 

i 

The action of Tp*^ on functions / G C{G/K) is then given by the following integral formula 

(Tp» /)((?)= / f{gh)dh. (5.31) 
Jo, 

This can be considered as a convolution with characteristic function Tp'^ of Oi. For an 
appropriately defined non- Archimedean g[^_^^-Whittaker function Wa- |Shj . |CS] one has 

T« = Tiv^^ pM) W^, (5.32) 
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where pi : GL{1 + 1,C) ^ End(K;,,C), 14, = A^C^+i is a representation of + 1,C) 

corresponding to the fundamental weight Ui and a is a conjugacy class in GL(£ + 1, C) 
corresponding to a non- Archimedean Whittaker function W^. Note that, in contrast with 
f l5.32p . the standard normalization of Tp^ includes an additional factor More 
generally, one considers Hecke operators associated to arbitrary representations pv '■ 
GL{1 + 1, C) ^ End( V, C) satisfying 

Tj^) W„ = Tiv Pv(^p) (5.33) 

It is natural to arrange the generators of Tip into the following generating function 

Tp{X) = (5.34) 
i=i 

We introduce another generating function 

oo 

Qf+^(A) = 5^p-"^Tf"^), (5.35) 

n=0 

where V = C^+^ is the standard representation of Qlg_^_i{C). The generating functions fl5.34p . 
f l5.35p satisfy the following relations 

Qf^'iX) ■ +HA') = Qf'+\X') ■ Q?^+^(A), (5.36) 
Sf +^(A) ■ TpiX') = Tp{X') ■ Sf +^(A), (5.37) 

l = rp(A)-Qf+HA), (5.38) 

and the operators Tp(A) and Qp'*^^(A) act on the non- Archimedean analog of Whittaker 
function as 

Tp{X) W„ = detil -p-^pv{crp))W^, (5.39) 

+^(A) = detil~p-'pviap))-'W^. (5.40) 

Thus the eigenvalues of Qp'*^^(A) are given by the local non- Archimedean L-factors 

Lpis) = det{l-p-'pv{ap))-\ (5.41) 

where we use a more traditional notation s := X. 

Comparing ^5M\f . ([E37D, dESHD with ^2^, ^M), (12:271) one can see that the gt^+i 
Baxter Q-operator appears quite similar to the generating function Qf'^'^^{X) in the Hecke 
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algebra TC{GL{i + 1, Qp), Kp) and the analog of Tp(A) is given by fl2.28p . In particular both 
operators share the property that their eigenvalues are given by local L-factors. 

One can represent Archimedean and non- Archimedean Baxter operators in a unified form. 
Let us rewrite fl5.35l) as 

where n = [rii, . . . , n^+i), 6n{g) is a characteristic function of On C GL(^i + 1, Qp) 

On = Kp- diag(p"S . . . ,p"^+i) ■ Kp. (5.43) 

On the other hand (universal) Archimedean Baxter Q-operator (15. 9p can be written in the 
following form 

<^So{A)(^7) = j dt, - ■ -dt.+.ih - ■ - te+iY^e-^^'-^'^dtig), (5.44) 

where St{g) is appropriately defined function with the support at Ot C GL{i + 1,R) 

Ot = K-diag{h,...,te+i)-K. (5.45) 

The integral formulas (15.421) and (I5.45P are compatible in the sense of the standard corre- 
spondence between Archimedean and non- Archimedean integrals (see e.g. |Wj). 



6 Baxter operator for 502i+i 

In the next section we define a Baxter Q-operator for g = S02£+i and demonstrate that the 
relation between local L-factors and eigenvalues of Q-operators holds in this case. More 
systematic discussion of the general case will be given elsewhere. 

According to [Kolj . S02£+i-Whittaker function can be written in terms of the invariant 
pairing of Whittaker modules as follows 

vj/f^+^x) = e-^^'^^{^L,7r^{e'^^)tlJn), a; G f), (6.1) 

e 

where := ^ (cijj, x) /ij, uJi is a bases of the fundamental weights of S02e+i- Note that 

i=l 

S02£+i-Whittaker functions are common eigenfunctions of the complete set of the commuting 
S02£+i-Toda chain Hamiltonians 7i2fc £ Diff({)), k = 1, - ■ ■ ,i defined by 

nlT^'^HT'^'ix) = e-<'''->(^z. , n,{e'^) c^^^r), (6.2) 

where {c2k} are generators of the center Z{s02e+i) C U{s02e+i)- For the quadratic Hamilto- 
nian we have 

^ ^ f)2 1 ^-1 

i=l * i=l 
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Let us introduce a generating function for the S02£+i-Toda chain Hamiltonians as 

i=i 

Then the 502^+1- Whittaker function satisfies the following equation 

i 

^^"2^+1 (A) ^J°^^+^(a;) = A ^^(A^ - A^^) ^^'^^(x), (6.5) 

i=i 

where A = (Ai, ■ ■ ■ , A^+i) and x = (xi, . . . , x^+i). 

Theorem 6.1 Eigenfunctions of the S02e+i-Toda chain admit the integral representation: 

-Ik e k 



^xz^x (^^'1' • • • ' ^^.^) = / n n ^^'^'^ n n ^^^^-^ 

^ ] 1 1 ; 1 1 



k=l i=l k=l 1=1 



where 

n-l 



JT^^^f+i (^jr^ z) = -?Ai(Xi,i - 2Zi^i) - ? ^ A„ ^ ^ Xn,i " 2 ^ Zn,i + ^ 

n=2 j=l 1=1 i=l 

e e e 

-| ^e^"'i + 5Z 5Z (e''"-'''^-'-''^ + e^"-'=-^"-'=) + (6.6) 

n=l fc=2 ra=fe+l 

£ e 

I ^ ^ ^g^n,fc ^n — l,fc — 1 _j_ ^^n^k ^ri,fc— 1^ _j_ ^ ^ g3;n.n^^n,n \_ 

n=fc n=l 

where we set Xi := x^^j, 1 < i < 

This integral representation was proposed in [GL03] ( we made an additional change of 
variables z^^i i — > —zn^i + In {^^^'^ + e^^"^'^ j in the integral representation given in [GL03] ). 

Corollary 6.1 The following integral operators QToW^\ provide a recursive construction of 
3021+1- Whittaker function: 



„ £-1 

/ Y\dxe-i,i QTollt^\{xe,Xi^i\\i)'^l°'''-\ (xe-i), (6.7) 
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where 



f ^ 

X exp I - iXi ^ Xi^i -2^ze^i + ^ j | x 

i=l i=l 2=1 

e-i 
j=i 

£-1 



(6. 



For £ = 1 we set 



(6.9) 



Below ^'^"^'^"''^ (x) will always denote the unique VT-invariant solution of (16.51) (class one 
principal series Whittaker function). Note that the space of VT-invariant Whittaker functions 
provides a bases in the space of VT-invariant functions on R^. 

Definition 6.1 Baxter Q- operator for SO21+1 is given by 

-1 i e+i 



Q'°''+'iy,x\\)= l[dziexp{ -^\(^J2yi-2J2z^ + J2x^^} X (6.10) 

X exp I - - ^ (^e^'-"^ + e"'+^-^' + e^^""' + e""+^"^") |, 
where y = {yi,...,yi) andx = (xi, . . . , x^). 

Theorem 6.2 Operator satisfies the following identities 

Q^02,+i^X) = Q^^^f+i^y) Q^''^+i(A), (6.11) 

Q""^+HA) ■ g::,l!; (A') = - ?A)r( - a' - zA)g::,^;+^ (a') ■ q^^^-ha), (6.12) 

AQ^''^+i(A + z) = Q^°^+i(A) T^''2*+i(A), (6.14) 
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where 

T'°''+'{x,y\X) = f°^'+'{x,d^\X)6'^^\x-y), (6.15) 
i+i 

f'^'+'{x, d^\X) = ^(-l)^A2^+i-2i nlf'+'{x, 4). (6.16) 

Proof. We will prove the commutativity of Q-operators (16. lip . The relation ( 16.12^ can 
be proved using the similar approach. The other identities then easily follow. 

To prove (16.111) we should verify the following identity between the kernels: 

i+i 



f Q'°^i+^{y^x\\) Q''^'+'{x,z\X') TJdxj = (6.17) 
/ Q'°''+'iy,x\X') Q'°^'+'{x,z\X) Yldxj, (6.18) 



i=i 
where 



X (6.19) 



i=l 



£+1 £ ^+1 



Q'°''+'{x,z\X')= f Y[dv,exp\^-iX'(^J2xi-2j2vi + J2^^)}'' ^^-^O) 

X exp I - - J2 (e'''"''" + e^^+^-^' + e'^-''^ + e^'+i""^) }. 

The proof is given by the following sequence of elementary transformations. Let us first 
make a change of variables Ui and Vi in (I6.17P : 



Ml I — > -Ml + In (^e^^ + e^^ 
-Ui - In {e^^-^ + e^'-i) + In {e^^ + e^^) , 1 < i < 



Ml I — ^ -Ml + In ^e^^ + 
Vi - In (^e^'"-i + e"'-^) + In (^e^' + e"') , 1< z < 
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We introduce additional integration variables and f^+i in (16.171) using integral formulas: 

(^e-y' + e-'^'Y^'^ = T{2tX')-^ j du^+i exp |22AV+i - e'^^+i"^^ - e^^+i"^^}, 

(6.21) 

(e-'"' + e""*) = r(2zA)-^ ^ exp |2zA't;^+i - e'^^+i"^^ - e^^+i-"^|. 

Then let us modify the variables 

Xi I — ^ -Xi - In (^e"''' + e"^') + In (^e"'+^ + e^'+i) . (6.22) 
and use the following integral representations to introduce additional variables xq and xi+i 

(e""^ + e^'Y'^^^^^ = T{i{X + X'))-^ J rfxo exp | - «(A + A')xo - e"^-^o - e"^-^o}, 
^e-n.+i + e-^.+i j = r(-z(A + A'))"^ x 

X [ dxi+i exp { + X')xi+i - e^^+i-"^+i - g^^+i-'^^+i |. 

Now we make the following sequence of changes of the variables: 

' -ui -~\n(l + e-^°^ + In (^e^^ + e^'^) , 



Ui 



Ui 



ue+i I — ^ 



-Ui - In (^e^'-^ + e""'-'^ + In (^e^' + e""'^ , 1 < i < i, 
ue+i + xe+i - In (^e"^^ + e"^^) , 



^^1 



ve+i 



-vi -\n(l+ e-^°) + In (^e^^ + e^^) , 

- In (e""'-' + e^'-^ j + In (e""' + e""'^ , I < i < i, 
-ve+i + xe+i - In (^e"^^ + e""^) , 



Xi 



xo I — > -so + ln (^e"^ +6^^), 
-Xi - In (^e""' + e"^') + In (^e"^+i + e^'+^j , 1 < i < (6.23) 
Xf+i ^ -Xi+i - In (^e-"^+i + e-"^+i) . 
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One integrates out the variables Xq and xe+i and modifies the variables Ui and fj as 
follows 

Ui I — 



^ -ui+ln (ey'+e""'^ 
Ui - In (e^'-' + e^^'-i) + In (^e^' + e"^') , l<i< 
I — > -ue - In (e-y^-^ + 6"^^-^) , 



vi I — > -vi + In (e"" + e^^i) , 

I — > -Wi - In (e""'-^ + e""'-'^ + In (e""' + e""'^ , 1 < i < £, 

ve I — ^ -w^ - In {e~'''-^ + e-^^-^). 

Integrating out u^+i and f^+i, one completes the proof of (16. lip □ 

Corollary 6.2 The following identity holds 

^ I e e 

/ n^^^-«2"""^(^'^i^)C(^)=nr(^A^-^7)nr(-^^^-^7) ^r"(^)- (6-24) 
'^'^^ i=i j=i i=i 



Finally let us note that this result is in agreement with the interpretation of the eigenvalues of 
Q-operators as local Archimedean L-functions corresponding to automorphic representations 
of reductive Lie groups discussed above. 
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